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The  problem of the  inertialess spreading of a drop due to impac t  
compression was solved by Reynolds on the assumption of constancy 

of the coef f ic ien t  of viscosi ty and was used in  [1] to ana lyze  the  

sens i t iv i ty  of l iquid  explosives.  It is of interest  to  t ake  in to  account  

ine r t i a  forces and the  va r i a t ion  of the  coef f ic ien t  of viscosi ty  ~ with 

t empera tu re  s ince  the  hea t ing  of the  l iqu id  and the  dece l e ra t ion  of 
the  str iker  depend on these  factors. The  ou t come  of the  solut ion for 

s t eady-s ta te  condit ions is also discussed. 

We wi l l  assume tha t  the  radius R of the  base of the str iker  is  the  

same as the i n i t i a l  radius of the  thin cy l indr ica l  layer  of viscous 

substance of thickness 60. The  mass of the str iker is m and i ts  i n i t i a l  

ve loc i ty  is V 0. After s impl i f i ca t ions  which depend on the  smal lness  

of the ra t io  60/R, the hydrodynamic  equat ions can be  wri t ten  thus: 
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7 Or +-~-z  : :0 '  u(r ,O, t )=O,  u(r, 6, t ) = 0 ,  

v(r, 0, t ) =  0, v(r, 6, t ) - - w ,  p(R,  t ) = 0 .  (1) 

We wi l l  assume tha t  the  l iqu id  does not conduct  heat .  Then the  

diss ipated energy in a Lagrangian pa r t i c l e  with coordinates  r 0 and z~ 

is conserved 

Or Oz 

= poCp \ Oz /r,t ~ 

T ( r  o, z o, 0) = O, r(,%, z o, O) = ro, z (ro, z o, 0 ) =  zo. (2) 

If R/c  << q (c is the ve loc i ty  of sound in the striker, r~ = 6o/vo is 

the  charac te r i s t i c  t i m e  of impac t ) ,  the  dece le ra t ion  of the  str iker can 

be wri t ten  as: 

R 

m - d T =  
o 0 

We solve Eq. (1) by the method of moments .  We take  u in the  

form of a series 

u = z ( 6 - - z ) [ t 0 ( r ,  6 ) + z h ( r ,  6 ) + . . 1  

which satisfies the  condit ions of adhesion of the l iquid  at  z = 0 and 
z = 6. Mul t ip ly ing  the  equat ion  of mot ion (1) by z n (n = 0, l ,  2 . . . .  ) 

and in t eg ra t i ng  i t  over the th ickness  of the layer  from 0 to  6 we ob- 
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tain a system of differential equations which is equivalent to (i) at 

the  l i m i t  n --> 0% In tegra t ing  the cont inui ty  equa t ion  wi th  respect  to 

z and confining ourselves to  the  zero approx imat ion  in  Eq. (4) we find 

z 

v = - -  -7- -g~" r udz,  

0 
i . e .  u = - -  

3wrz (z - -  6) 
63 

wz2 (36 -- 2z) 
v ~= 63 (5) 

Using Eqs. (2) and (5) and conver t ing  from t to 6, we establ ish a 

re la t ionship  be tween  the mov ing  and Lagrangian coordinates and 

d e t e r m i n e  the  t e m p e r a t u r e  dis t r ibut ion 

dr dz d6 d8 _ f6o (6 -I- e) T, '  

zo6o (60 - -  zo) 
e = (0.560 - -  zo) '2 ' 

6 (-}- for z > 0.58~ 
z = - ~ - [ t ~  u  --  for z < 0 . 5 8 /  ' 

8 

T ~ 4 ! o ~ w r 2 ( 6 - - 2 z ) 2  9btoR2 f w 66 - d& T,  Po% ~~ (6) 

It follows from (6) tha t  the  m a x i m u m  tempera tu re  T,  is a t t a ined  

at the p o i n t s r  =R, z =0 ,  a n d r  =R, z =5 .  UsingEqs.  (4) a n d a v e r a g -  

ing  Eq. (1) over z, we find 

Op 6wp~o r po8 ~ dw 0.t5poSW 
0--7 = ~ ( F r + ~ ) '  t~ - -  t2~o d8 pc ' 

= ~t~l [p, T (r,  0, t) l . (7) 

Here T(r, 0, t)  is expressed from (6) on the  condi t ion z = 0 and, 

hence,  r = r 0. In tegra t ion  of EQ. (7) for arbi trary va r i a t ion  of the  

viscosi ty  with p and T requires numer i ca l  c a l cu l a t i on  even within the 
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f ramework  of the  assumptions made.  However, in spec ia l  cases the 

solut ion is obta ined in  quadratures 

I dx 3wlxo 
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Using Eq. (8) we obtain the  equat ion of dece l e ra t ion  of thes tdkex ,  
which in  d imensionless  form for the  case ~ = (T0/T) n, for ins tance,  
is wri t ten  thus: 

~, d ~ dO dO 
(i  + ~ )  ~-~ ~- " ~  + i . 8 k ~ - ~ - d ~  ~ + ~ . ~ 0  -~  = 0, 

0 = .~ ~w~ d~, 
0 

0 ( t ) = 0 ,  ( d 0 / d ~ ) , =  t,  w = - - w ~ v o ,  

[ = 6 0 / 6 ,  1~ = O.15poVo6o / ~o, 

= 5 ~ 0  ~ 4  / 6mvo6o~, 

u = 3.6 (n + t )  A R  - ~  I (n + 2). (9) 

This equat ion  is eas i ly  in tegra ted  numer ica l ly .  If $ ~ 0, then 

Eqs. (9) atlows a s i m i l a r k y  group and on substi tut ion of the  var iab les  
v = O~ r z = d u / d l n L  r = - 5  (n + 1) / (2n + 1) reduces to  an equat ion  

of the first order. If n = 0, i . e . ,  p = const, then  Eq. (9) is  in tegra ted  

in  f in i te  form 

(, ,/ol t's I F  /yo~ l "% Fi ( "~ 

# 

t~ = .~ w~-~[ -~ d~, 
I 

- i q - ~ [ ,  ~ 0 = l + ~ f i ,  t , = t f r , .  (10) 

It follows from (10) tha t  at  l a rge  ~ we have  wl ~ 1 /k~  z - 9~/145.  
Hence, the  striker stops when the layer  has a f ini te  thickness ~ = ~, .  

Close to ~ = ~. we have  w~ = 18k~ .  (~, - ~)/(1 + kB~. )  and, 

hence,  when ~ --" L,,, t he  va lue  of t~ increases  as in [1 / (~ .  - ~)]. 

At low Reynolds numbers the  iner t i a  forces b e c o m e  sma l l e r  than  

the viscosi ty forces and relat ionships (10) g ive  the law of mot ion  of 

the  str iker in  the  problem of [1] 

//71 = i ~-, 0 . 9 ~  (i  -- ~'9, 

_ ~ y [  t t ( a - ~ ) ( a - - t ) ]  
0.9Lt~= t - - - ~ -  q- ~ - ~ l n ( a _ ~ ) ( a + i )  , 

aS "= 0.9-----"~ (11) 

It follows from (10) tha t  the  v e l o c i t y  of the  striker decreases 
mono ton ica l ly  with t ime .  However, the  r ad ia l  ve loc i ty  of flow at the 

point z 1 = 0.55, t = R at ins tant  ~ and pressure at  point  r = 0 for ~ = 

= ~2 a t t a in  m a x i m a  u l ( f l )  and p{~2), which are de te rmined  from the  
relat ionships 

46ou (R, z~,~) 
u~ - 3voR = ~w~, 

60~p (0, ~) ~w~ q- 
P * =  3~toVoR 'z = w ' ~  i + k[~ ' (12) 

w0 ( l - - 0 . 8 k ~ 0  = 1.81~P, 

2~ (1--0.8~$~)w.~ + 3~.2 (i--0.8~$~2) w~ = i.SL~ 3 , 

wo = wl(h),  w~ = wl (~) .  (13) 

When ~ ~ 0 we find from Eqs. (11) and (3.3) tha t  ~ = a~/a ~ 

~ = a a/o.s. Figure I gives the  results of ca lcu la t ions  of the d i m e n -  

sionlesspressure P2 = 0.01p~, the  t empera tu re  6 i = 0 .0 t  0, the  t i m e  t~ = 

= 0.5q,  and the ve loc i t i e s  of the l iquid  u2 = 0,1u~ and str iker w~ in 
re la t ion  to ~ for ~ = 10 and k = 0.01, 

In Fig. 2 these  quant i t ies  at  the m a x i m u m  points a t e  plot ted as 
functions of ~: u. = uz(~) ,  p, = ~ ( ~ ) ,  01 = 0 ( ~ )  and ~0 = 0 . 1 ~ .  

The  graphs show tha t  the  m a x i m u m  ve loc i ty  of outward flow is 

severa l  t imes  grea ter  than  the i n i t i a l  ve loc i ty  and the m a x i m u m  pres- 

sure (at sma l l  fi) is  even  two orders greater .  If the energy of e l a s t i c  

s train of the striker is greater  than mv0Z/2, the compress ib i l i ty  of the 

str iker must  be t aken  in to  account .  S ince  the compression t i m e  t~ i n -  
creases l oga r i t hmica l ly ,  the  charac te r i s t i c  t i m e  is of the  order of unity. 

We can  consider the  problem of the  spread of a drop be tween  two 
in f in i t e  plates,  tn this case the  va r i ab l e  radius of the  drop is expressed 
from the l a w  of conservat ion of mass R2(t) 5 = R~ 6 o and the problem is 
solved in  the  same  way as above.  However, such a procedure is val id  
only  in  eases where the c u m u l a t i v e  splash of the l iquid at  z = 6 / 2  can  

be neg lec ted .  
We wi l l  now e s t i m a t e  the  correctness of the  hypothesis  of a quasi-  

s ta t ionary  parabol ic  ve lon i ty  prof i le  in  the  Reynolds problem (B "-~ 0) 

in  the case of i m p a c t  compression.  The  hypothesis of quas is ta t ionar i ty  
is va l id  i f  the  charac te r i s t i c  t i m e  of fo rmat ion  of the  viscous ve loc i ty  

prof i le  r 2 << r 1. If we consider the dimensions,  then  r 2 ~ p05~/~0. 
However, the  solut ion of the  s impl i f i ed  problem of deve lopmen t  of a 

viscous flow shows that  z 2 is an order less. This is important ,  s ince the 

solut ion depends exponen t i a l ly  on the t ime .  

We wi l l  consider an instant  to, close to  the  i n i t i a l  instant ,  but 

such tha t  the  pressure over the thickness of the  layer  manages  to even 

out: r 0 > 60/c.  We wi l l  assume the  ve loc i ty  of the  str iker to be con-  

stant and we wi l l  t a k e  the  i n i t i a l  dis t r ibut ion of u in  the form u(r, z, 0) = 
= v0r/250, which satisfies the cont inui ty  equat ion,  In the equat ions of 
mdt ion  (1) we neg lec t  the  i ne r t i a l  terms, and re ta in  the de r iva t ive  

0u/Ot. The  solut ion of Eqs. (17) shows that  this  is va l id  everywhere,  
except  for the  layer  near  the  wal l ,  where when t --~ 0 the ve loc i ty  

gradients  ~ t -~ are  of the same  order as the acce l e ra t ion  [2]. How- 

ever, phys ica l  sense demands tha t  t > t 0. To get  rid of the "movab le  

boundary" 5(t), we convert  to new var iab les  7/= z / 6  and r = (~ - 

- 1)/80, Then the sys tem of equations,  l i k e  (1), is wri t ten thus: 

Ou Ou Ocp 02u 
pov0 -~- -F pov06 ~ -r ~ = i~o 0~12, 

1 
~' yOr 

0 

q~ = p6h u(r, % O)= vor,,'2,50, u(r, O, ~)=0,  

u(r, 1, '~)=0, ~(R,'~) = O. (14) 

We omi t  the te rm with 6 in (14), s ince i t  is of the order vOu/Oy 

of the discarded iner t i a  terms. Performing the Laplace t ransformation 
we obtain equat ions for the ve loc i ty  images  u - U and the pressure 

analog e # P. 

p0Vo ~ OP O~U 
povosU ----~o r -3 -67r = lxo Orf~ ' 

1 

0 

U (r, 0) = 0 ,  U(r,  1 ) = 0 ,  P ( R ) = O .  (15) 

In tegra t ing  Eq. (15), we obtain 

U = v~ (s + 6 ~  "-rl)  
6o s2 (x - -  th z) ch x 

P = P0 vo~ (R 2 - -  r2) 
460 [" ( s + ' ~  - 1 ]  g~ :--t-flY) ' 

z = 0.5 ~- -~o  / " (16) 

It is easy to find the  asympto t i c  form of Eq. (16) when s ~ 

Yor 
~r = 2-~j[l  + l / ~ ' -  

-- exp ( - -  2X~l) - -  exp [ - -  2x (i  - -  ~1)] q- �9 �9 . ] ,  

P = - X -  6oJ 

u = ~ [ t +  ~apovo/ 
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l - -  ~] 1 % v o  ~% - E , f  - ~ - ( r - ~  ) + - - - ] ,  

" F 2 / P,o \% 
- -  ~ ( R ~ -  r2)L'~o (~P-~-o-~Q~) exp ( - - , )  -~ i - ~ - . . ] .  (17) P- 46 

It follows from (17) that p increases infinitely when t ~ 0. This 
is due to the fact that instantaneous stoppage of the wall layer of 
liquid requires infinite friction forces "~t -~ counterbalanced by 
inertial forces and the pressure, which is assumed constant over the 
thickness of the layer. The formulas for the originals for t > 0 can be 
obtained from Eqs. (16) by expanding U and q in power series and 
using the residue theorem [3]. Special points in the plane s lie on 
the lef~ of the imaginary axis. At point s = 0 there is a pole of the 
second order. Simple poles are situated at the points s k = -4gXkZ/P0v0, 
tg c~ k = kk(k 1 = 4.493) and, hence, 

U = 3v~ (t - -  1]) + 
6 

c o  

~=1 8os~x~ sh ~c k PoVo / '  

3vo~o ( R  ~ - -  r ~) x 
P =  63 

�9 - V - + T W 2 z ~ e x p (  - r,o~'o 
(18) x 

It is clear from (18) that the solution rapidly (with characteristic 
t ime r a = rz/4kl) reaches the quasistationary regime. 

The author thanks V. K. Bobolev for suggesting the problem and 
discussing the results, and also A. S. Kompaneitsand G. T. Afanas'ev 
for usefnl discussion. 
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